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1. Introduction 

In this paper, we continue our study of the Weil-Petersson geometry as in the previous pa- 
per ^HJ, in which we have proved the boundedness of the Weil-Petersson volume, among the 
other results. The main results of this paper are that the volume and the integrations of Ricci 
curvature of the Weil-Petersson metric on the moduli space are rational numbers. In particular, 
the Ricci curvature defines the first Chern class of the moduli space in the sense of Mumford . 

It was a classical result of Mumford 11 that for a noncompact Kahler manifold M with M 
being a smooth compactification of M and M\M being a divisor D of normal crossings, and for 
any Hermitian bundle (E, h) over M, one can define the Chern classes Ck{E) provided the metric 
h is "good" defined by Mumford ^2 Section 1]. Roughly speaking, a metric is "good" if the 
metric matrix have log bound, and the local connection form and the curvature have Poincare 
type growth. It was verified that the natural bundles over locally Hermitian symmetric spaces 
are "good" (cf. JJ). For the moduli space of curves of genus greater than or equal to 2, the 
metric induced by the Weil-Petersson metric on the determinant bundle of the log extension 
of the cotangent bundle is good ^Hj. However, for the moduli space of polarized Calabi-Yau 
manifolds, it is not clear that the Weil-Petersson metric or the volume form of the Weil-Petersson 
metric is "good". By pQ, the Weil-Petersson potential is related to the analytic torsion of the 
moduli space. While the Hessian of the torsion is known to be related to the Weil-Petersson 
metric and the generalized Hodge metric( 3 ), it is not easy to find the asymptotic behavior of 
the BOCV torsion itself. Thus we can not use the theorem of Mumford directly to prove that 
the integrations are rational numbers. 

In this paper, we avoided using the BCOV torsion by the careful analysis of the asymptotic 
behavior of the Hodge bundles at infinity. Using the Nilpotent Orbit theorem of Schmid we 
can give another explicit (local) representation of the Weil-Petersson potential. The potential 
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has the following properties: first, as a potential of a Kahler metric, it must be plur-subharmonic. 
Next, by the Strominger formula, the Ricci curvature of the Weil-Petersson metric is lower ly 
bounded. Thus the volume form of the Weil-Petersson metric is also plur-subharmonic. Our 
analysis relies heavily on the above two properties of the potential of the Weil-Petersson metric. 

For the noncompact manifold M defined above, we can define a Kahler metric, called the 
Poincare metric on M such that on each Euclidean neighborhood of D, the metric is asymp- 
totically Poincare (See § [3] for the precise definition). The metric is not canonically chosen so 
it doesn't reflect the geometry of the manifold M. However, it is complete and the volume is 
finite, and its curvatures are bounded. In practice, we use the Poincare metric to bound the 
other intrinsically defined metrics. 

Let M be a Weil-Petersson variety (see §2 for the definition). It is not clear whether we can 
construct a Kahler metric with nonpositive sectional curvature on the Weil-Petersson variety. 
However, if we only require the nonpositivity of the bisectional curvature, then in [S] and [5], 
the first author defined such a metric, which we called the Hodge metric. In addition to the 
nonpositivity of the bisectional curvature of the Hodge metric, the holomorphic sectional cur- 
vature and the Ricci curvature of Hodge metric are negative and bounded away from zero. By 
Schwarz-Yau [22] lemma, the Hodge metric is bounded by the Poincare metric defined above. 

Using the comparison of the Hodge and the Poincare metrics, in the previous paper 
we have proved that the Weil-Petersson volume and the Hodge volume are all finite. By the 
definition of the Weil-Petersson metric and the Hodge metric, if a Weil-Petersson variety were 
compact, then the volume with respect to the Weil-Petersson metric and the Hodge metric 
could have been rational numbers because of the Gauss-Bonnet Theorem. We thus conjectured 
that the volume of both metrics are in fact rational numbers, even though the Weil-Petersson 
varieties are more likely to be noncompact. 

In this paper, we verified the conjecture by controlling the growth of the potential of the 
Weil-Petersson metric at infinity. In order to get the estimates we need, we have to define a 
special kind of cut-off functions. In general, if a cut-off function is 1 at the origin and if it is 
supported within a ball of radius r, then its second derivatives are of the order 1/r 2 . We can 
do a little bit better for the Hessian of the cut-off function on M 2 , because M. 2 is an example of 
parabolic manifold defined by P. Li 7 . In fact, the order of the Hessian of the cut-off function is 
of the order ^m^jjpp • This observation is important in our proof. By using the cut-off function 
and the convexity of the Weil-Petersson potential, we can prove 

Theorem 1.1. Let (M,uj\yp) be a Weil-Petersson variety of dimension m. Then its volume 



is a rational number. 

The volume form of the Weil-Petersson metric has its own convexity by the formula of Stro- 
minger. However, in this case, the (local) volume forms are not integrable with respect to the 
Poincare metric. Special care must be taken in order to get the similar result as in the volume 
case. In order to do that, we defined the degeneration order of the volume form along each 
hypersurface of the divisor M\M and then twisted the extension of the anti-canonical bundle 
of M (See Definition 16. II for details). Using this, we can prove 

Theorem 1.2. Let X C M be a subvariety of dimension q. Then for non-negative integers k 
and I with k + 1 = q, 





are rational numbers. 
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Obviously, Theorem II .21 implies Theorem ll.il On the other side, if X, M in Theorem II .21 are 
smooth, then we have 

Corollary 1.1. Using the above notations, we have 



where F and K x are the Hodge extensions of the Hodge bundles F n and the anti- canonical 
bundle K% of X; ^ Y{ = Y is the divisor X — X ; Y^ are irreducible components of Y ; and Hi 
are the degeneration orders of the Weil-Petersson metric along Yi . 

Remark 1.1. In the above corollary, the righthand side is intrinsically defined. Thus one will 
get some information of the divisors once the topology of the compact manifold X is known. 
In particular, by using this we can get the information of the monodromy group assuming the 
moduli space is CP 1 minus three points. Such a moduli space is of interest in Mirror Symmetry 
(cf. Doran- Morgan [2]). 

Two important papers in the direction of this paper have drawn our attentions. One is the 
recent survey paper of Todorov , which gives a complete summary of the recent progress in 
the subject. The other one is by Schumacher ,13], in which the author computed the curvature 
of the Weil-Petersson metric of Kahler-Einstein manifolds, using the idea of Siu JJj of horizontal 
liftings. 

We are interested in the volume and the integrations of the curvature because it defines some 
kind of invariants and using that, we wish to classify polarized Calabi-Yau manifolds and tell the 
monodromy of the moduli space of Calabi-Yau manifolds . These questions are very important 
in Mirror Symmetry and we shall study them in a subsequent paper. 

The organization of this paper is as follows: in §2, we give the definition of the Weil-Petersson 
geometry and some basic estimates; in §3, we define the Poincare metric and the cut-off function 
we need for the rest of the paper; in §4, we write out the preferred extension of the Hodge bundles 
defined by the Nilpotent Orbit Theorem explicitly. The main part of the paper is §5 and §6, 
where we prove Theorem 11.11 and Theorem 11.21 

After finishing this paper, we were informed by A. Todorov that in [E], he proved the ratio- 
nality of the volume of the moduli space independently. 

Acknowledgment. The authors would like to thank P. Li, D. Phong, R. Schoen, and G. 
Tian for their interest in the work. Particular thanks to K. Liu for his many suggestions and 
encouragement during the preparation of this paper. 



In this section, we give the definition of the Weil-Petersson geometry and Weil-Petersson 
variety, first appeared in ^U]. Examples of Weil-Petersson varieties are the moduli spaces of 
polarized Calabi-Yau manifolds. 

Definition 2.1. A Weil-Petersson variety is a Kahler orbifold M with the orbifold metric lowp 
such that: 

(1) The universal covering space M is a smooth manifold. There is a natural immersion 
M — > D from M to the classifying space D (cf. such that the image of M is a 
horizontal slice of D. The Hodge bundles F n C • • • C F° are defined as the pull- 
back of the tautological bundles of D. Furthermore, we have the natural identification 
TM = F n ~ 1 /F n , where TM is the holomorphic tangent bundle of M; 

^In fact, our proof strongly hints the relations between the monodromy operators and the rational numbers 
we defined. In the case that the moduli space is of one- dimensional, an explicit formula can be written down. 
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2. Preliminaries 



(2) uowp i- s the curvature of the bundle F n . It is positive definite and thus defines a Kahler 
metric on M and is called the Weil-Petersson metric; 

(3) M is quasi-projective and F n extends to an ample line bundle over the compactification 
M of M; 

(4) After passing to a finite covering and after desingularization, in a neighborhood of the 
infinity, M can be written as 

A n-k x ( A *^ 

where A is the unit disk and A* is the punctured unit disk. Let Q, be a local section of 
F p in the neighborhood, then locally, 0, can be written as 

where N\, ■ ■ ■ , iV& are nilpotent operators and A is a vector-valued holomorphic function 
of Zi,'" ,z n . Furthermore, all the local sections of all F p , p = l,--- ,n satisfy the 
properties in the Nilpotent Orbit theorem of Schmid |12j . 

A Weil-Petersson subvariety M\ is itself a Weil-Petersson variety. Moreover, it is a subvariety 
of a Weil-Petersson variety M such that if M is a compactification of M, then M\, the closure 
of Mi in M gives a compactification of Mi as a projective variety. 
The Weil-Petersson geometry is the geometry of the pair (M,ujwp)- 

Remark 2.1. Moduli spaces of polarized Calabi-Yau manifolds are examples of Weil-Petersson 
varieties. In fact, for moduli spaces of polarized Calabi-Yau manifolds, the first property of 
the above definition is the transversality property of Griffiths' 4 variations of Hodge structure. 
The second property is a theorem of Tian ^3] (See also Todorov JH])- The third one is the 
compactification theorem of Viehweg [20] and the forth property can be verified by the Nilpotent 
Orbit theorem of Schmid |12j . 

When we study the boundary behavior of the Weil-Petersson metric on the moduli spaces, 
we need to analyze the potential (O, Q), where ( , ) is the polarization of the Hodge structures. 
We recall here the result of the potential of Weil-Petersson metric on one dimensional slice of 
moduli spaces. 

Let A* be a one dimensional parameter space of a family of polarized Calabi-Yau manifolds. 
Let Obea section of the first Hodge bundle F n . Then by the Nilpotent Orbit theorem of Schmid 
1 1 2'. , after a possible base change, we have 

Q = e^ m °^A(z), 

where N is the nilpotent operator, N n+1 = for n being the dimension of the Calabi-Yau 
manifolds, and 

(2.1) A(z)=A + A l z + --- 

is a vector-valued convergent power series with the convergent radius 5 > 0. Let 

f k>l (z)=z k (log-) 1 , 
z 

for any k, I > 0. Then we can write f2 as the convergent series 

(2.2) Q = ^2 A k ,i* k (}°g -) l = E ^m/m- 

k,l 2 k,l 

Define deg fkj = k — ^rj- Then we have the following lemma (Lemma 7.1 of |1U|): 

4 



Lemma 2.1. The convergence of (j2,2j) is in the C°° sense. Furthermore, we have 
(2-3) p- A k,lfk,l\\c° < Cr ko ~ s (log^) l °, 

where r = \z\, ko,lo are the unique pair of nonnegative integers such that Iq < n, k$ — > ^ 

and /or any pair of integers k' , I' with k' — > fj, we have k' — > &o ~~ ■ C is a constant 
depending only on ko,lo,fj, and O. 

In order to estimate the volume form and the Chern classes of the Weil-Petersson metric, we 
also need the following Strominger's formula (Theorem 3.1 of |10j). 

Theorem 2.1. Let (gjj)mxm be the Weil-Petersson metric and let DjDifl be the projection of 
djdifl onto H n ~ 2,2 . Then the curvature tensor of the Weil-Petersson metric is given by 



n ijki - 9ij9ki + 9fi9kj ,^ ^ 

for 1 < k,l < m. 

In order to bound the Weil-Petersson metric and its curvature, we need the Hodge metric, 
which was defined in [Hj. 

Theorem 2.2. Let D be the classifying space. The invariant Hermitian metric of D restricts 
to M is a Kdhler metric called the Hodge metric. Let ujh be its Kahler form. Then we have 

(1) The bisectional curvature of ujh is nonpositive; 

(2) Ric{u)n) < oojOh < for some negative constant a which only depends on the dimension; 

(3) The holomorphic sectional curvature of uh is bounded above by a; 

(4) 2uwp < and ~ UJ H < RiciuJwp) < Uff. 

The Hodge metric is useful because it gives us the convexity of the volume form of the Weil- 
Petersson metric. Furthermore, using the Hodge metric together with the Schwarz-Yau Lemma, 
we can control the volume of the Weil-Petersson metric and the Hodge metric. 

Theorem 2.3. Let M be the moduli space of polarized Calabi-Yau n-folds. Then the volume 
of Weil-Petersson subvariety M\ of M equipped with the Weil-Petersson metric or the Hodge 
metric is finite. 

3. Cut-off functions 

The main result of this section is to prove the existence of the "good" cut-off functions so 
that our estimates can go through. 

We assume that M is an m-dimensional compact Kahler manifold of dimension m and D be 
a divisor of M with normal crossing so that M = M\D. We are going to prove that there is a 
complete Kahler metric on M such that it is asymptotical to the Poincare metric near infinity. 
We call this metric the global Poincare metric or simply the Poincare metric. We use wp to 
denote its Kahler form. 

The result is well known, for example, in [3]. For the sake of completeness and for the setting 
of notations, we sketch the proof in Lemma 13.11 

We let M = U\ U • • • U Ut ■ ■ ■ U U s be covered by local coordinate charts where 1 < t < s. 
Without loss generality, we assume that (Ut+i U • • ■ U U s ) H D = 0. For each 1 < a < t, we 
assume that there is an l a such that each U a \D = (A*)'" x A m ~ la and on each U a , D is defined 
by 

*?-*£ = o. 
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Let {ip a }i<a<s be the partition of the unity subordinated to the cover {£/ a }i< Q < s . Let w be a 
Kahler metric of M and let C be a large constant. Define 



uj p = Cuj - \ r -tdd ip a ^2 log log — 



z9 1 2 

a=l \ j=l 

Then we have 

Lemma 3.1. For C large enough, up defines a complete metric on M with finite volume and 
bounded curvature. Furthermore, there is a constant C\ such that 

— LJ% <U)p< C\lOq 

for any 1 < a <t, where oJq is the local Poincare metric, defined by 

l a -, Tn 

i=i 'i\ LU &n) i=i a +i 
Proof. This follows from a straightforward computation. 

The main result of this section is the following: 

Theorem 3.1. Let e > 0. Then there is a function p £ such that 

(1) < p e < 1; _ 

(2) For any open neighborhood V of D in M, there is e > such that supp(l — p £ ) C V; 

(3) For each e > 0, there is a neighborhood V\ of D such that p £ |vi = 0; 

(4) p e < > p £ for e' < e; 

(5) There is a constant C, independent of e such that 



□ 



— Clop < \f—lddp £ < Cujp. 

Proof. The key observation can be explained as follows. For the unit ball in M. n , if we 
construct a smooth function which is on B £ (0) and 1 outside i?2 £ (0), then the second derivative 
of the function is in general of order 1/e 2 . However, in the two dimensional case, if we consider 
the Laplacian of the function, then it is possible to lower the order of the second derivative. 

Define a decreasing smooth function 99 : M. — > M, 0<^<las follows: 



(3.1) <p{t) 



t > 1; 

1 t < 0. 



and assume that \(p'\ + \ ip"\ < 10. Define a function ip £ on the unit ball of the complex plane as 

<p E {z) = ip I I , 

where r is the Euclidean norm of the complex variable z. Then we have the following 

* 1 ' 1 



2e Y *(logi)2' 

d z d z ip £ = —,ip -^r—Y- A + — p 



4e 2^ r 2 (log I)4 2e Y r2(logi)3- 
Thus we have 



Lemma 3.2. Using the same notation as above, we have 
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\d<Pe\ < 



rQ-Og i) 



■10\ 



r 2 (loj 



1\2 



dzAdz< V^lddife < lOv^l- 



Hlog 



I^2 



where the norm is with respect to the Euclidean metric on C. Furthermore, we have 



supp(cVe) C B _ i — B _i 

e 2? e e 



□ 



For 1 < a < i and e > small enough, let 

^,...,0=1^1(1-^)) 
on f7 a . Then using the Lemma 13.21 we have 

\o^\<cj2 



(3.2) 



for some constant C. 
We define 



i=l 



We can verify that p £ satisfies all the properties in Theorem 13. II bv a straightforward computa- 
tion. 

□ 

We finish this section by stating the Schwarz-Yau Lemma [22] in our context. The result will 
be used repeatedly in the rest of this paper: 

Proposition 3.1. Let M be a smooth Weil-Petersson variety whose compactification M is also 
smooth. Let D = M — M be a divisor of normal crossings. Let to is a Kahler metric of M such 
that its holomorphic sectional curvature is less than a constant —5 for 5 > 0. Then there is a 
constant C such that 

CO < CuJp, 

where lop is the global Poincare metric. 



4. Extension of the Hodge bundles 

Let M be a Weil-Petersson variety and M be its smooth compactification. We assume that 
Y = M — M be the divisor of normal crossings. Then it is known from j!21 page 235] that the 
Hodge bundles F n , ■ ■ ■ ,F° can be extended to coherent sheaves over M. Furthermore, if we 
assume that every element of the monodromy group is unipotent, then the coherent sheaves are 
in fact vector bundles over M. 

The particular extension of the bundles over M is defined by the Nilpotent Orbit theorem 
of Schmid. In §5 and §6, we show that such an extension is the one that we can control the 
growth of the Weil-Petersson metric and its curvatures at infinity. 2 Thus although we know the 

o 

In fact, in the case of the moduli space of Riemann surfaces, there is only one extension of the bundles that 
is "good" in the sense of Mumford 11 Section l](cf. |19p. In our case, even if the extension may not be "good", 
it is the best possible extension we can get. 
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extension exists by the Nilpotent Orbit theorem, we must write out explicitly the local transition 
functions. 

The first result of this section is the following lemma which is essentially due to Kawamata (Sj. 
We formulate it in the language of Weil-Petersson geometry. 

Lemma 4.1. Let M be a Weil-Petersson variety with M being its compactification. We assume 
that M is smooth, projective and Y = M — M is a divisor of normal crossings. Then there is a 
divisor Y\ of M of normal crossings such that there is a finite covering M\ of the variety M — Y\ 
with the following properties: 

(1) M\ is a Weil-Petersson manifold; 

(2) The elements of the monodromy group of Mi are unipotent. 

Proof. We first observe that if we remove any divisor Y\ from M, then M — Y\ is still a 
Weil-Petersson variety. For this reason, without loss generality, we can assume that the Weil- 
Petersson variety M is actually a Weil-Petersson manifold. 

Now we use the idea of Kawamata ^6_. Let T be a monodromy operator which is not unipotent. 
Let T = "f s -y u be the decomposition of T into its semi-simple part and its unipotent part. By 
the theorem of Borel, there is an integer m such that 7™ = 1. Let L be an ample line bundle 
of M. Let Y + Y\ = Yl Dj be the decomposition of the divisor Y + Yi into irreducible pieces, 
where Y\ is the divisor containing the singular locus of M. We assume that the monodromy 
operator T is generated by U\D\, where U is a neighborhood of D\. Assume that s is large 
enough such that the bundle L s (— Di) is very ample. By taking the m-th root of the sections of 
L s (—Di) we get a variety Mi such that outside a possible divisor, it is a finite covering space of 
M. Mi may have some singularities. However, we can always remove those divisors containing 
singularities to get a smooth manifold. The explicit construction of Mi is as follows: let So be a 
generic section of the line bundle L s (—Di). Sq is generic in the sense that on Di with i ^ 1, Sq 
is not identically zero and dSo ^ generically on D\. We can extend Sq to a basis Sq, • • ■ , £4 of 
H°(L S (—Di)) such that the basis defines an embedding 

a:W^CP\ x^[S ,S u --- ,S t ]. 

We consider the map ir : CP t — * CP 1 by [Zq, ■ ■ • , Z t ] 1— >• [Z™, Zi, ■ ■ ■ , Z t ]. It is a holomorphic 
m-branched covering map. Let Z be the pre-image of M under n. Then Z is a projective 
variety. Let Z reg be the smooth points of Z. Define M 1 = Z rcg n {Zq = 0} and let Z be the 
desingularization of Z along the divisors Z\M' . 

The Hodge bundles can be pulled back to the manifold M' . At any neighborhood (A*)' x A k ~ l 
of M\M, the transform of (M, M) to (M', Z) is the m-branched covering defined by z\ 1— ► yfzl, 
where Z\ = is corresponding to the divisor D\. Evidently, the monodromy operator T is 
transformed to T m , which becomes a unipotent operator. 

One can observe that if T' is a unipotent monodromy operator, then under the transform 
(M,M) 1— > (M',Z), T' is still unipotent. Since there are only finitely many irreducible compo- 
nents of D, there are only finitely many monodromy operators which are not unipotent. Thus 
by finitely many transforms, we can get a Weil-Petersson manifold Mi on which all monodromy 
operators are unipotent. 

□ 

Remark 4.1. In general, a Weil-Petersson variety M may have orbifold singularities. However, 
we let M' be the regular part of M. Then M' is a manifold that has a smooth compacification 
M . By Lemma l4.11 up to a finite covering, we can assume that the elements of the monodromy 
group are unipotent. Let M" — > M' be the finite covering defined by Lemma 14. 11 then there is 
an integer s such that 

vol(M") = svol(M') 
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and 

/ d(uwp) k Aw|yp = s / ci(uJ W p) k Awjyp. 
Jm" Jm' 
Thus From now on, we will prove our results under the additional assumptions that all mon- 
odromy operators are unipotent, M, M are smooth, and the divisor Y = M \ M is of normal 
crossings. 

We write out explicitly the extension of the Hodge bundles in terms of the local coordinates. 

A bundle F p over M is equivalent to an open cover {V^} of M with transition functions 
9a/3 '■ Va n Vp — * GL(s,C) with s = rank F p . We assume that {V a } is a countable, locally finite 
cover. Let ip : M — > T\D be the period map, where T is the monodromy group. Since Y C M 
is compact, we can take a finite cover {U a y a=1 of Y in M such that 

(1) Each U a is bi-holomorphic to A m , the polydisc on C m . 

(2) (J 1 U a contains S, where S is a neighbhood of Y in M. 

(3) On each U a with local coordinates zf , ■ ■ ■ ,z^, the divisor YnU a is given by zf ■ • ■ zf = 
for some l a € {1, • • • , m}. 

Since L){U a } U {V^} is an open cover of M, we can take a finite subcover. After refinement, 
we can take V±, ■ ■ ■ , V r £ {V a } such that 

(1) yi{/ Q uu;^ = ¥. 

(2) V a n Y = for 1 < a < r. 

Now, for each U a = A m , let U* = U a \ Y = (A*) 1 * x A m ~ la . We cut U* into open conical 
parts such that each conical part is a product of discs and open sectors with small angles. We 
write U* = (J U a ^ where each U a ^ is a conical domain. 3 

For each U*, the universal covering space of U* is U x A m ~ l where U is the upper half- 
plane and I = l a . The natural projection p ■ U* ^ U* is given by p(w\,--- ,W[,--- ,w m ) = 
(e 27 ™™ 1 , • • • , e 2mWl , wi + \ , • • • , io m ). Let M be the universal covering space of M. Then we always 
have the lifting (p : M — > D. Locally, it is given by the map (p a : U* — > D corresponding to 
'■Pa '■ U* — > r\D, and we have the following commutative diagram 

U* > D 



u a ► r\D 

Furthermore, (p a and (pp are compatible if U a ^Up ^ 0. 

By the Nilpotent Orbit theorem of Schmid, for each j = 1, ••■ ,1, there is a monodromy 
transform Ta such that 

<Pa(w\, ■■■ ,Wj + 1,- •• , I0 m ) = Tj o p a (wi, ■ ■ ■ ,W m ). 

We have TfT^ = T^Tj for 1 < j, k < I. By Lemma l4.1( we assume that the semisimple part of 
each Tj is 1. Let 

V^Oi, • • • , w m ) = e~^ w ^<p 0( (wi, ■ ■ ■ ,w m ), 
where Nj = logTj are the nilpotent operators. Clearly ip a is invariant under the transform 
Wj I— ► Wj + 1 for j = 1, • ■ ■ , I. So ip a descends to a map ip a from U* to the complex dual D of 
D. By the Nilpotent Orbit theorem, ip a can be holomorphically extended to U a . 

Since the neighbhood S of Y in M satisfies the condition that S D = for each Vg, and 
for each U a , there is a a a > such that \Jf =1 x • • • x A*(a a ) x • • • x Af a x A m -'« C Sfl J7 Q , 

3 For example, we can define each C/ a ,i to be ?7 a ,j = {(2?, • ■ ■ , C) £ ^1 arg^i* £ &i)> 1 < i < ^q}, where 
|6i — a; I is small. 
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we know that (A\ x ■ • ■ x A*(a a ) x ■■■ x x A m ~ ta ) nVp = $ for any 1 < j < l a and Vp. 
Let C/ aj o = (A*(cr Q )) ia x A m ~ Za . If diamC/ Q — > 0, then we can assume that Y C \jU a:0 and 

t^,o n = 0. 

\ o\y . {U a fi} U {J7 a ,i} U {Vfl} give an open cover of M. Clearly, on each U a j and each Vp, 
the Hodge bundles are trivial. For each < p < n, let s = rank F p . We will extend F p to M 
using the cover {U a , } U {U a>i } U {Vp} of M. Since F p over each simply connected set of U* are 
j2 ' log — AT,- 

trivialized by e 2 *" 1 z j Va, we know that g TI „ = I where I = I s is the identity matrix 
of rank s. Since F p is trivial over U a ^ and Vg, we know that the transition functions g u . v 

and g?f = g„ ,, are given. Since U a n fl Vp = 0, to extend F p to M , we only need to define 

We define g v v = I- Since C/^o \7cjJ C/ a ,i, we know that for each g G t/ aj o Pi £^3j, there 
is a f7 a) i such that g G {Jq,^. So naturally we define g Ua0 Uf3 on U a> o n f/^j n f7 aj i to be the 
restriction of g TT T , on U a o H Ua j (1 U a i. 

Let C/q, i/ n U a i n j n U afi ± 0. Then since g v , v = I, we have ^ . Va . = g a on 
U a ,i' H f/ a) i n n J7 a ,0- Thus <7y q a are well-defined. 

It is more difficult to define g a @. For each q G ?7 Qj o fl Up$, if p ^ Y, then there exist % and 
j such that q G C/^j Pi £7/3, j. We define g a/3 (q) = gff(q) = 9 V . U0 . • As long as these transition 
functions are well-defined, it is trivial to check the compatibility conditions. Thus we need to 
prove 

Claim 1. Using the above notations, we have 

(1) g a P are well-defined on U a $ n Upfl\Y. 

(2) g a/3 can be extended to U a $ nUp$. 

Remark 4.2. Fixing a pair of charts U a ,o and Up t o such that their intersection is non-empty, 
we can choose compatible coordinates on U a $ and C/g,o- Assume Y a p = U a> o n JT^o fl Y is of 
codimension r and is given by zf • • • z" = and zf • • • Zr = on U a $ and C//3,0) respectively. 
Since these two equations define the same variety Y a p, we can identify the variables pairwisely 
in the following way: for each i = 1, • • • , r, choose a point q G Y a p such that zf(q) = and 
z f(l) / for j / i. Clearly there is a i with 1 < t < r such that zf (q) = and Zu(q) / for 

u ^ t. Without loss of generality, we assume that t = i. Thus -k is non-zero for 1 < % < r. 

z i 

Furthermore, by slightly shrinking U a fi and Up$ we can assume that 2" and Zj are bounded 
and are bounded away from on U a ^ D Upp for r + 1 < j < l a . 

Let D be the classifying space. By definition, this means that D is the space of decompositions 
of a fixed vector space H satisfying the Hodge-Riemann relations. To prove the first assertion 
of Claim^ we fix a q G (£7 a ,o H \ Assume that (7 G £7 aj j fl C/jgj. Let v\, - ■ ■ , V;, be a fixed 
basis of i/. Using this basis, we can identify a map p to the classifying space (or to its compact 
dual) with a sequence of matrices. Let ir p o p G F p . Then ir p o p can be represented by a 6 x s 
matrix-valued function, where s = dim F p as above. 

£ ; « log at, ^ log ^T^j 

Since e z ^ ^ a gives local trivialization of F p over C7 ai i and e ^ gives 

local trivialization of F p over Upj, both of them can be represented by b x s matrices. Fix a lift 

and lift ip a and 99^ to the universal covering spaces U* and Up respectively. We have that, as 

matrices 
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For each 1 < i < r, let Tj be the monodromy transformation such that 
and 

~ I P I 9 I 1 P \ rp ~ f P P P\ 

This is true since T, is corresponding to the same simple loop of ([7 a o n [7g,o) \ Y. Combining 
the above three formulae, we have 

rn ~ I P P P \ a P I P P I 1 P 

T % o (p p [w^, Ofl/K, • • • , V% + 1, • • • , w p ml 

OLp 

ij 



which implies 



• • • » «f + 1» • • • » w m)9?f(Wl, ■■■ , W? + 1, • ■ ■ , 

=^a(Wi,'" + ,<) 

=T< o £ a (u; a , • • • ,<) 

rp ~ i p p 8 \ a/3/ /9 j9 £ 



ocPf P 0,1 \ <xB, B P 0\ 



So is invariant under the deck transformations of the universal covering of U a) o nUg^\Y 

which implies that it descends to a function on U a ^ H C^a,o \ Y ■ This proved that g"- is well- 
defined. 

___ z p 

Now we prove the second assertion of Claim ^ As stated in the Remark I4.21 if we let £j = -k, 
we know that £j is bounded and bounded away from for 1 < i < r. Since 

(4.1) e *i V« = e 

on [7 Q ,, n [7/3,0, w e have 



a/3 



(4.2) e + z * Va = e z * 



By the definition of £j and by Remark 14.21 we know that log 4j for r + 1 < z < l a , log -i for 

r+1 < i < /a and log j- for 1 < i < r are bounded. By the Nilpotent Orbit theorem we know that 
^ a and V'/? can be holomorphically extended to [7 Q , and [7/3,0 respectively and image of ip a and rpg 
restricted to Y lie in the complex dual of D. So we can find a non-singular rxr minors A a of if) a . 
Denote the corresponding minor of ipp by Ag. By (|4.2j) . since iVj are fixed nilpotent operators, 



we know that g in - = CA a A^ where C = e t 

a/3 ■ 



IS 



inveritible. Since Ag is also bounded, we know that is bounded away from 0. The same 

argument works for (gff)^ 1 - So gf? is also bounded. This implies that gj^ can be extended to 
U a ,o H [7/3,0 which finishes the construction of the extensions of the Hodge bundles. 

Remark 4.3. The tangent bundle of M can be identified with F n ~ l /F n . Since all the Hodge 
bundles can be extended in the above canonical way, the tangent bundle is also canonically 
extended. 

ii 



5. Volume of the moduli space 

In this section we prove that the volume of the Weil-Petersson metric is a rational number. Let 
A r be the disk of radius r and A* be the punctured disk of radius r in C. Let Vj? = (A*) fc x A™ _fc 
for 1 < k < m. 

Assume that a chart of M near the boundary is Vf 1 and the Weil-Petersson metric on 
is defined as u)wp = — v/=Iddlog(fi,fi) where (J2,n) > on Vf. We also assume that ft = 

e^ EklNilog HA(z) and ft = E " Ni '° g * A , where A = A(0). 

The following lemma is one of the key parts in the proof of Theorem 11.11 

Lemma 5.1. There exist a universal constant 5 > which only depends on Q such that log(f2, f2) 
is integrable on with respect to the standard Poincare metric ojp on V*. 

Proof. The proof depends on the convexity of log(0,0). Without loss of generality we can 
assume the convergence radius of A(z) is 1. Obviously, we have the upper bound 

(5.1) iog(n,n) < c +io g nJ =1 (iog-) n 

where r,- is the Euclidean norm of Zj. Clearly the right hand side of the above formula is 
integrable with respect to the Poincare metric ujp which implies that we only need to check that 
the integration of log(f2, f2) has a lower bound. Let 6j be the argument of Zj and set 

(5.2) Pin,--- ,r m )= f ■■■ [ iog(n,n) de x ---de m . 

Jo Jo 

Since —\J—ldd log(0, O) > we have ^§ + Jp- < for each 1 < j < m which is equivalent to 



3 



8(r<&) 



(5.3) -fi- < 0. 

In order to prove log(fi, O) G L (Vg, ujp) we just need to check that 

(5-4) / ••• / p(n,- ■■ ,r m )— T J?± dn ■ ■ ■ dr m > -oo. 

Jo Jo ri(log^-) 2 ---r A ,(log^) 2 

We prove this using mathematical induction on m. If the dimension m of the moduli space 
is 1, then k must be 1. By a theorem of Wang we know that the leading term in (Q, f2) is 
c(log — ) with I > 1 if the Weil-Petersson metric is complete at where c is a positive constant. 
So there is a constant 5 > such that when r < 5, > |(log^-)' which implies that 

p(n ) > 2tt log I + 2vrZ log log i . So 

6 1 c f 5 1 log log -r- 

n(log^r 2 J n(log^-) 2 7o n(log^) 2 

2vrlog§ 2ttI , 1 _ 

= ; t - ^ i 7 loglog- + l > -oo. 

log (!) log o o 

If the Weil-Petersson metric is incomplete at 0, the leading term of ($7, O) is a positive constant 
c. So we can find 5 > such that p(r\) > c\ for some constant c\ when r < 5. This implies 

6 j f^l c\ 

ri(log-) 2 Jo ri(log-) 2 log 7 

Now we assume that when m < s — 1 and 1 < < s — 1, the inequality (j5.4j) hold. Let m = s. 
We first fix r2, • • • ,r m . From (|5.3|) we have — < which implies ri§f- decreases as r\ 
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increases. Like the argument above, the leading term of p in r\ is either log c+ 1 log log ^- or log c 
where c is a positive function of r 2 ,--- , r m and Z > 1 is a positive integer. In either cases we 
have lim ri ^o r iJ^" = 0. So we know that njfj" < when r\ > which implies p is decreasing 
as r\ is increasing. So for any 5\ > small enough, we have 

(5-5 / TTo~ dr\ > / j— — dr 1 = -——p{S 1 ,r 2 ,---,r m ). 

Jo rilog^) 2 Jo ri(log^ 2 logdi 



Now we go back to (0,0). We fix a Z\ = w £ A*. Let = Q(w, z 2 , ■ ■ ■ ,z m ). Then 

— >/^<9<91og(0, 0) gives the Weil-Petersson metric on the slice U = {w} x (A*) fc_1 x A m ~ k . If 

k > 1, by the induction assumption, we know that log(0,0) is integrable on U with respect to 
the Poincare metric for some 5 > and the integration depends on w continuously. This clearly 
implies 

(5.6) / / log^O)^ -1 d6x > -oo. 

Jo J(A|)'=- 1 xA™- fe 

Thus we have 

(5-7) [ ■ ■ [ -T-^-ptfi,^,--- ,r m )— Jr? ^ j-rg dr 2 ■ ■ ■ dr m > -oo. 

Jo logoi ri(log^-) 2 --T fc (log^^ 2 



o 



So log(0, 0) is integrable over for some 5 > with respect to the Poincare metric. If k = 1, 

then C7 = {u;} x A" 1 " 1 and log(0,0) is smooth on U. Clearly (|5.6j) . (|5.7|) still hold for some 
5 > 0. So log(0, 0) is integrable with respect to the Poincare metric. 

□ 

Proof of Theorem 11.11 By the Nilpotent Orbit theorem we know that the Hodge bundle 
FJ 1 over M can be extended to M smoothly. We denoted the extended bundle by EJ 1 . Now we 
put a Hermitian metric g on EJ 1 . Take an open cover of M like we did in On each U a , let 
g a be a representation of g. The local potential of the Weil-Petersson metric on U a is given by 
h a = (0,0). Let / = ^. It is clear that / is a global function on M although g a and h a are only 

locally defined. Let u> be the curvature form of the metric g. Then ojwp = — ^^"C^log/ + 
Since we know that u) is the first Chern class of the line bundle E n over the Kahler manifold 
M, we know that 

[ Cu m = f_Co m 

J M Jm 

is an integer. We need to prove that f M & m = Jm u wp- Using Schwarz-Yau lemma (Propo- 
sition IS^) like we did in JHJ we know that ujwp < cup where top is the asymptotic Poincare 
metric we constructed in section Since Co is the Ricci form of a line bundle over the compact 
manifold M, it is bounded. Thus we can find a constant c such that —ciop < Co < ciop. 

We check the integrability of log / on M with respect to the asymptotic metric top. Let ift a 
be a partition of unity subordinated to the cover {U a }. For a chart U a of M, if U a n M\ M = 
then -0a log / is bounded on U a . So jjj if) a logf w™ is finite. If U a n M \ M / 0, we know 
that V'q log / = ip a log(0, O) — ifi a log g a . Clearly tp a log g a is bounded on U a . By Lemma l5?T1 we 
know that Jjj tfj a log(0, 0) w™ is also finite. This implies log / is integrable. 

Pick an e > small. Let p e be the cut-off function we constructed in section |31 We have 

m— 1 . 

(5.8) / (p £ Co m - PeUJ^p) = V / p £ Co j A uj^tJ- 1 A (a) — w WP ). 

JM . n iM 



i=o 
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For each < j < m — 1, we have 

p £ Co 3 A UJ^p" A - %p) 



Pe Q* AM™?- 1 Addlogf 



(5.9) 



log fddp £ A a}- 7 A wl" J 



supp(i-p e )nu a 



t/j a log /<99p e A Co 3 A uY 1 ■' 1 



supp(l-p £ ) 

m— 
WP 



log fddp £ A uj j Aiv wp 3 



m—j—l 



where the sum over a is a finite sum. Also, on each U a , log / is bounded above by a positive 
function c + ^2" log log which is integrable with respect to the local Poincare metric. By 
Theorem 13 . 1 1 and the fact that u + lowp < c^p (which follows from Proposition I3.1j) . we know 
that 



< 



supp(i-p e )nu 



supp(i-p £ )nu ( 



log fddp £ A Co 3 A u>wp 1 



■0a (log / + c + ^2 log log — )ddp £ A uj 3 A 



uJ 



m—j—l 
WP 



(5.10) 



+ 



<ci 



supp(i-p £ )nu ( 



supp(i-p e )nu a 



1 _ 

4>a(c + log log — )<9<9p e A LO 3 ' Au™~'~' 



+ Ci 



supp(i— p e )nu 



i 

^a(l0g / + C + J] log log — 
1 ^' 

0a(c + ^log log— )u)f 



The above expression converges to as e — ► 0, because up has finite volume and the measure 
of supp(l — p £ ) goes to as e — ► and both log / + c + log log ~ and c + log log ~ are 
non- negative and integrable with respect to the metric up. Combining (|5.8f) . (|5,9|) and (|5.1U|) 
we have 



Thus 



lim f (p £ u m - p £ u WP ) = 0. 

[ (u m -u^ P ) = ]imf (p E u m -p £ u^ P ) = 0. 
Jm £ ^°Jm 



This finishes the proof. In general, if the Nilpotent operators {-/Vj} are not unipotent, then by 
Lemma 14. 11 we know that the volume is at least a rational number. 

□ 



6. First Chern class 

Let M be a Weil-Petersson variety of dimension m and let u>wp be the Kahler form of the 
Weil-Petersson metric. Like in the previous sections, we let M be the compactification of M 
such that Y = M\M is a divisor of normal crossings. 

The main result of this section is the following 
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Theorem 6.1. Let X C M be a subvariety of dimension q. Let X = X D M . Then 

(Ric(uj WP )) k Auj 1 wp G Q 



x 

for k + l = q, where the integration is on the smooth part of the variety X . 

Proof. Without loss generality, we assume that q = m and X = M. Let Lq = KT^ be the 
anti-canonical line bundle of M. By Lemma l4.1| we assume that all elements of the monodromy 
group are unipotent. By the remark in 0we know that the tangent bundle of M, as a quotient 
of the Hodge bundles, can be extended to the compactification M. This implies the Lq can be 
extended to Lq over M. 

Now let Y = M \ M be the divisor of M of normal crossings. Let Lj be the line bundle 
corresponding to Yj for j = 1, • • • ,p. We write down the transition functions of Lj explicitly. 
Recall that in Section @J we constructed an open cover {U a fi} U {C/ a ,i} U {Vg} of M. Denote 
this cover by it. We knew that there is a neighborhood S of Y in M such that S C \J U a ^Q. Let 

U a ,j = U a ,j \ S. Then {U a fi} U {U a> i} U {Vp} is also an open cover of M, denoted by it. For 
each j = 1, • • • ,p, let Lj be the index set such that a G Lj if and only if U at o f]Yj ^ 0. From f|3| 
we can assume that for each a £ Lj, U a fi has coordinates zf , ■ ■ ■ and Yj D U at o is given by 
zf = 0. 

Now we define the transition functions. By reordering the elements in it, we assume that 
it = {U a }aelj U {W 7 }, where U a PiYj ^ and W 7 n Yj = 0. When a, j3 € /j and f7 aj0 n C/,3,0 / 0, 
the transition functions are defined to be q TT 1T = -4. For a G I,-, define q rr „. = for 

each W 7 G U with U afi n W 7 / 0. Finally, for W 7 , W 5 G it with W^fllfj/ 0, define ff^^ = 1. 
One can easily check that these transition functions define the line bundle Lj. 

Now we define the degeneration order of the volume form of the Weil-Petersson metric along 
each hypersurface Yj. We will need the following lemma which is proven in jlUj . For complete- 
ness, we include the proof here. In the following, we use d = d z and d = d z . 

Lemma 6.1. Let f : C — > R be a degree k homogeneous polynomial of z and~z. Assume that 
f(z,~z) > and is not identically 0. If there is a constant c\ > such that for every z with 
f(z,z) ^ ; we have 

1 < —dd log / < ' 



r 2 (logi) 2 r 2 (logi) 2 
where r = \z\, then k = 21 is an even integer and f(z,z) = cr k where c is a positive constant. 

Proof. Let 9 be the argument of z. Since / is a homogeneous polynomial which is not 
identically 0, we can easily see that the set {z G S 1 \ f(z,z) = 0} is a 0-dimensional real analytic 
variety and thus is a discrete set of S 1 . So there are only finite many rays from the origin where 
/ vanishes. 

If k is odd, since each term of / has the form pz l z k ~ l , we know that 

r-2- 



Jo 



which contradicts the fact that / > and f(e tS , e~ tS ) vanish only for finitely many 9. So k has 
to be an even integer. 
We have 

^ f dfdf - fddf 
-dd log / = ^2 • 
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Clearly if dfdf — fddf is not identically 0, then it is a degree 2k — 2 homogeneous polynomial. 
Consequently, —ddlogf is of order ^ which contradicts to the assumption. Thus we have 

(6.1) dfdf - fddf = 0. 

It is also clear that for a homogeneous polynomial of z and z, if it is identically 0, then all of 
its coefficients are 0. Now we use induction on /. When I = 1, we have / = a^z 2 + a\z~z + a-^z 2 . 
From 1)6. If) we know that a^a\ = a^a2 = 0102 = 0. If either ao 7^ or a<i 7^ we know that the 
rest of the coefficients are which implies that / is not real. So ao = 0,2 = 0. Since / is real and 
non-negative, we know that a\ > 0. The lemma holds. Assuming that the lemma hold when 
I < p — 1, we consider the case I = p. Assume that / = a^z k + aiz k ~ 1 ~z + ■ ■ - + akZ k where k = 2p. 
If ao 7^ 0, then we assume i = min j. Consider the term 2 2fc— * — 1 ;z i ' -1 in dfdf — fddf. We 

j>0,a^0 

have kiaodi — i(k — i)aodi = which implies «j = since ao 7^ 0. This means / = ao^ fc which 
contradicts the fact that / is real. So ao = 0. Similarly we can prove that at = 0. So / = z~zfo 
where fo is a homogenous polynomial of z,z of degree k — 2. /q satisfies the conditions of the 
lemma. By the assumption, /o = cz p ~ 1 ~z p ~ 1 . So / = cz p 'z p = cr k . 

□ 

Pick a point q G Yj and assume q 6 U = U a fi with the local coordinates z = (zi, ■ ■ ■ , z m ) = 
z a = (zf , • • • , z^) on U. Let be the Weil-Petersson metric. In the following, we will use Tj 
and 8j to denote the Euclidean norm and argument of z 3 . We assume q £ Yj \Ufc^j ^Jfe- Roughly 
speaking, the degenerate order of along measures the rate of the blow-up or degeneration 
of the volume form of the Weil-Petersson metric. We need to analyze the asymptotic behavior 
of uJwp when z — > q £ Yj. 

Lemma 6.2. Assume Yj DU is given by z\ = and q £ Yj \ Ufc^j ^fe- u>/ien we expand 

(Q, £l) 2m det(gfj), the leading term in z\ has form A^z 1 , z')r k ~ 2 (log ^) l where z' = {z%, • • ■ , z m ). 

Proof. Near q, we know that the local holomorphic section Q of the first Hodge bundle 

F n can be written as 1] = e 2 " Nllo s n A(z\, • • • , z m ) where A is a holomorphic function. Let 
z' = (z2,-" , z m)- We can expand A as a power series of Z\,--- ,z m and assume that the 

convergent radius is 1. Let g = det(g i j). For each i = 1, • • • , m, let Qi = e 2 ^ Nl log z i d{A and 

let fii = zifii - ^IjViO. Let 

(1) g^j = (O l5 0)(0,H^) - (O,^)^!,^); 

(2) <^ = (Oi,0)(0, - (n, «)(«!, O-,) for 2 < j < m; 

(3) ^ = - for 2 < i < m; 

(4) ^ = (^,n)(0,%) - (fi,0)(Oi,%) for 2 < i,j < m. 

Let g = det(gfs). We have g = ^ 2m ^g. Since 5 > we know that g > 0. We expand 

j4 with respect to Z\ so that the coefficient of each term z\ is an analytic function of z 1 and 
z' . By monodromy theorem, N™ +1 = 0, where N\ is the nilpotent operator. Also, since N\ is 
nilpotent, we know that each term in g has the form A s t \z\ ~z\ (log \) 1 where A s 1 1 = A s ti(z',z') 

and I < ran. Define the degree of such a term by s + t — m J +1 ■ Assume the lowest degree of 
terms in the expansion of g is k — m ^ +l ■ Collect all the terms of degree k — mn ; +1 having the 
form Yls=o A s,k-s,iz!zT k ~ s (log jz) 1 . Let f{z 1} zT) = Yls=o A s,k-s,izpT k ~ s ■ We know that, except 
for a set of lower dimension, f(zi, ~z[) 7^ and f(zi,z~[) is a homogeneous polynomial of z\ and 
z~i whose coefficients are functions of z' and z' . For each fixed z' with f(z\,z~i) 7^ 0, since 
f(z\, zT)(log -^)' is the leading term in the expansion of g, we know that f(zi,z~i) > because 
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g > 0. We call a point z' a generic point in the first direction if for this z 1 ', we have f(z\,zi) > 0. 
For a generic point z', we know that g = f(zi,~zj)(log 4^) + go where each term in go has degree 

higher than k — m J +1 ■ Finally we have 

- ^ddlogg = -^ddlog(r 2 1 (n,n) 2m g) 

= —2m^—^-dd log(f2, f2) — ^ - dd log g = 2mujy/ p + i2ic(wv^p). 
2tt 2tt 

By the Strominger's formula we know that there is a positive constant c such that 

—cujp < Ric(u\Yp) < cwp, 

where wp is the Kahler form of the Poincare metric. Finally by using Hodge metric and Schwarz- 
Yau lemma (Proposition I.S.ljl we proved in ^01 that there is a constant c such that 

< ujwp < ciop. 

Combine all these formulae we know that there is a constant c such that 

—clop < — — dd logg < cujp, 

Z7T 



which implies 



< -didi logg < 



r i0og^-) 2 rf(logi) 2 ' 

Since 

digdig - gdidig 



-didilogg- 

g 2 



and the leading term in the numerator is [d\fd\f — f d\d\f ){\og tt) , the leading term in the 
denominator is J 2 (log -^) 21 , we know that, for generic z' we have 

<-0i5rio g /< 



r i( lo g^) 2 r 2 (log±) 2 ' 

Using the Lemma 16,11 we have that for generic point z' in the first direction, j{z\^Z\) = 
Afz(z' \z')r\. This implies that, except a lower dimensional set of z' , the leading term in the 
expansion of (ft, Tt) 2m det(g i? ) is A k (z' ^r^' 2 (log 

□ 

Definition 6.1. The degeneration order of oJy/p a ^ on g Yj ^ s T j = (k — 2)/2 = fj,j, which is an 
integer by Lemma \6.1{ 

Lemma 6.3. The degeneration order is well-defined and is constant except for a lower dimen- 
sional set. 

Proof. Assume there is another chart Up with U a f]UpDYj ^ 0. We can also assume that UpD 
Yj is given by z± = 0. From the definition we can see that the degeneration order tj is the smallest 
number r such that, for a generic point z' in the first direction, liminf Zl _ > o r 'r(ft; Q) 2m det((^j) > 
0. Since 

4p = detCGfa^jJd*? A dzf ■ ■ ■ dz^ A dz^ 

is a global form and we can choose the same fi on U a C\Us, we have 



(r?ydet((g c 



det(|£ 

K dzf> 



(rf) T det(^) i7 ). 
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However, we know that 



det(^) 



is bounded and bounded below from 0. When we 



choose U/3 = U a but with a different coordinate system, the above argument implies the de- 
generation order is independent of the choice of local coordinates. For general U a and Up, this 
implies that the order is constant along Yj except for a lower dimensional set. 

□ 

Now we prove that f M (Ric(u!\yp)) s A u^~ p s € Q- We first extend the first Hodge bundle F n 
to the compactification M in the way described in We put a smooth Hermitian metric h 
on this extended bundle and denote its Kahler form by uj. Recall that we use Lq to denote 
the anti-canonical bundle of M and use Lq to denote the preferred extension of Lq to M. We 
put a smooth Hermitian metric ho on Lq. Finally for each line bundle Lj corresponding to the 
hypersurface Yj, we put a smooth Hermitian metric hj on it and denote its curvature form by 

Uj. 

We first check that, for all 1 < s < m, j M (Ric(uwp)) s A uj^~ p s € Q is equivalent to 

(6.2) / (Ric(uj WP ) + 2moj WP ) s A u^r P s G Q 

Jm 



for all 1 < s < m. Clearly we know (Ric{uwp) + 2muj\yp) s Awjjp is an integer linear combina- 
tion of terms like (Ric(ujwp)Y ^^wp anc ^ ^wp- Also, {Ric{ujwp)) s AwJJp is an integer linear 
combination of terms like (Ric(cuwp) + 2mujwpy A to^p and w^ p . Since the Weil-Petersson 
volume is an integer, it is clear that the above argument is true. 

The reason we use the expression in (j6.2|) is that Ric(ujwp) + 2mtowP is a nonnegative form. 

Realizing that the Ricci curvature of the Weil-Petersson metric is bounded above and below 
by a constant multiple of the asymptotic Poincare metric, we can use the same proof in Section 
to derive that 



(6.3) / (Ric(uj WP ) + 2muj W p) s A oj^ p s = \ (Ric(uj WP ) + 2muj W p) s A u™ 



where ojq is the curvature form of the line bundle Lq. 

Recall that we use fij to denote the degeneration order of ui^p along the hypersurface Yj. 
Let uj = —dd log ho + Y^=i P^j^j + 2mujwp- Then 



(6.4) u = C1 (L • ■ • © L% p © (F n ) 2m ) 



For each line bundle Lj, on a chart U a at Yj, we assume the metric hj is given by hj. From 
the transition functions that define Lj we can see that h^\zf \ 2 is a global function on M. Denote 
fj = {h°j\zf \ 2 )^ . By reordering coordinates, we know that 



(6-5) / 



J WP 
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is a global function on M. Also, from 33 if we use h a to denote the smooth Hermitian metric 
h on F n on a chart U a , we know that / = ^'f^ m is also a global function. We have 



p £ to s A LU™ 



(6.6) 



/ p e {Ric{uj W p) + 2muj W p) s Aw™ s - / 

/ p £ (Ric(oJwp) + 2mwiyp — 5) A (ffic(u^p) + 2muJwp)'' 1 A a5 s_J A u™ 

V / p £ (-dd\og]-dd\ogh) /\(Ric(uj WP ) + 2muj WP ) j ~ 1 Au s ~ j A^ s 

V" / p £ (-ddlogf) A (ffic(wvKp) + 2mun/p) 3_1 A. 
i= l ->Af 



CJ J /\ UJq 

where / = ff\ is a global positive function on M. Integral by part we have 

/ p £ (ddlog /) A (Ric{u WP ) + 2muj WP ) j ~ 1 A uj s ~ j A w™ 
Jm 

: / log f{ddp e ) A (Ric{oJwp) + 2muj WP ) j ~ 1 A £ S ~ J A u\ 
Jm 



(6.7) 



o 



Like in the case of 3S1 we need to prove that log / is locally integrable. We use the same notation 
as we did in the beginning of 321 

Consider a chart U at the divisor Y. Assume U = (A*) fc x A m ~ k . From our decomposition 
Y = {jYj we can assume that Y n U = UjLiC^' n u )- 

Lemma 6.4. There is a constant 5 > such that log/ is integrable on Us with respect to the 
standard Poincare metric on U . 

Proof. The proof of this lemma is similar to the proof of Lemma l5.ll using convexity. On U, 
we have 



/ 



m 

WP 



(n,W m det( % )(0,0) 2m 



(6i 



h ff-f p V™ h (h 1 \r 1 \^---(h k \r k \^ f k+1 ---f p h* 
1 

90 h h^..-h^f k+1 ---f p h^ ~ 909U 



in 



where on = — ^rr- L - — and oi = - - m — -J*— — . Clearly oi is a bounded function and is 

V -r k K h h 1 -h k K f k+1 -f p h 

bounded away from 0. Since the Poincare metric on U has finite volume, we know that log g\ is 
locally integrable with respect to the Poincare metric. Since 

V dd log / = Ric(u>wp) + 2muj\YP — w > —cui P 



2tt 

and — <9<91oggi is bounded we have 

(6.9) - ^^ddloggo = -^f^ddlog/ + ^^-ddloggi > -cuj P . 

Z7T Z7T Z7T 

From the definition of the degeneration order we know that the leading term of go with respect 

to Zj for 1 < j < k is Aj(z', 2') (log with lj < mn and z' = (z\,--- , Zj-i, Zj+i, ■ ■ ■ ,z m ). 

j 

This implies that go < c(Y\ k log \) mn which is integrable with respect to the Poincare metric. 
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So we only need to prove that 

(6.10) ( ]ogg u$>-oo. 

Ju 

Set 

/•27T r2ir 

(6.11) p(n, ■ ■ ■ , r m ) = I ■■■ log g d9i- ■■ d0 m . 

Jo Jo 

From (|6.9|) we can easily see that for 1 < j • < k, 

(6.12) ' 9rj < 1^—. 

Now, for generic z', since the leading term of go is Aj(z', z')(log -y)^ where Aj(z',z') > 0, we 
know that 

(6.13) hmr 1 -^- = 0. 

rj^o J drj 

Now integrate both sides of (|6.12|) from to rj, using ()6.13j) . we have 

(6.14) r# < ° . 

Fix a <5 > to be chosen, we have that, for generic z' 

P(ri,-" ,rj-i,8,r j+ x, ■ ■ ■ ,r m ) -p(n,--- ,r m ) 

f s c 11 
< / — : -drj = log log log log - 

Jrj Tj log — Vj 

which implies 

(6.15) p{n,--- ,r m ) >p(n,-- ,rj-i,S,r j+lr ■ ■ ,r m ) + loglog^ -loglog— . 

o r j 

From Ijfi.lOJ) we only need to show that 

(6.16) / loggo ujp= [ ■■■ [ p(n,--- ,r m )— ^ 3— dr x ■ ■ ■ dr m > -00. 

Ju Jo Jo n(log-) 2 ---r fc (log— Y 

We prove (|6.16|) using induction on k. If k = 0, then p is bounded which implies ()6.16j) is true. 
Assume that for k < I the argument is true, consider k = I + 1. From (|6.15|) we know that for 
generic z' = (z 2 , • • • , z m ), we have 

'V, • 1 



p(n,--- ,r m )— 5-^ ^ dn 

(6-17) > [ S p(S,r 2 ,--- ,r m ) l^'""™ M2 dn 

Jo ri(log^) 2 •••r fc (log^) 2 

+ [ (log log ^ - log log — ) — ^ j— dn ■ 

Jo 8 n ri(log^) 2 ---r fc (log^) 2 

The second term in the above formula is integrable with respect to r%,--- ,r m on [0, <5] m_1 by 
direct computation. To estimate the first term, we can choose a generic 5 and working on the 
lower dimensional piece {\z\\ = 5}nU. By induction assumption, the first term is also integrable 
with respect to r%,--- ,r m on [0,S] m ~ 1 . This finishes the proof. 

□ 
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Now we go back to the proof of the main theorem. From the above lemma we know that log / 
is integrable with respect to the Poincare metric on each chart that touches the divisor Y. On 
those charts which do not touch Y, log / is bounded. Using a partition of unity, we can easily 
see that log / G L l {M,ujp) where ujp is the (global) asymptotic Poincare metric on M. From 
Q6.7|) we have 

f log f{^-ddp £ ) A {Ric{uj W p) + 2muj WP y- 1 A ti s - j A u™- s 
Jm 2?r 

(6.18) = f log fO^-ddp e ) A (Ric(uj WP ) + 2muj WP y- 1 A A lo^ 8 

= J2f ^ a lo § fC^-ddp £ ) A (iftc(o; WF ) + 2mco WP ) j - 1 A A a;™" 5 

a Jsu PP (i-p e )nu Q ^ 7r 

where the sum over a is a finite sum. Since on each U a , log / is bounded above by c Vi 1 * log log — 

and both Ric(oJwp) + 2mwvyp and a; are bounded above and below by a constant multiple of 
the Poincare metric, using the same technique as in ()5.10|) . since the measure of supp(l — p £ ) 
goes to as e — ► 0, we conclude that 

\ log fC^-ddp £ ) A (Ric(uj WP ) + 2mio WP ) j ' 1 A Zj s ~ j A u^ s = 
Jm 2tt 

which implies 

(6.19) / p £ (Ric(uj WP ) + 2moj WP ) s Auj™~ s = / p £ u) s Auj^~ s . 
Jm Jm 

Again, since —cujp < Ric(iOwp) + 2mujwp < cup and —cujp < uj < cujp, by the dominate 
convergence theorem, let e — » in (|6.19|) we have 



(6.20) / (Ric(uj W p) + 2muj WP ) s A w™~ s = / 

Jm Jm 

Since 



5 s Aw m " s . 



m Jm 

and u) s Aw™~ s is a characteristic class on M, we know that J M u) s Auj™~ s G Z which implies that 
J M (i2ic(u;vi/p)) s Aw^p S G Z, if the nilpotent operators are unipotent. In general, by Lemma WA\ 
the integral is a rational number. 

□ 

We end this paper by the obvious possible generalization of this paper: 

Conjecture. Let Ck{oJwp) be the fc-th elementary polynomial of the curvature tensor of the 
Weil-Petersson metric. Let X be any Weil-Petersson subvariety of dimension q of a Weil- 
Peter sson variety M. Then 



/ c k {uj W p) Auj 1 wp 
Jx 



is a rational number, where k + 1 = q. 

It would be interesting to see if this is true in the category of Weil-Petersson geometry. 
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